Let M be a compact, holomorphically symplectic Kähler manifold, and η a (1,1)-current which is nef (a limit of Kähler forms). Assume that the cohomology class of η is parabolic, that is, its top power vanishes. We prove that all Lelong sets of η are coisotropic. When M is generic, this is used to show that all Lelong numbers of η vanish. We prove that any hyperkähler manifold with Pic(M ) = Z has non-trivial coisotropic subvarieties, if a generator of Pic(M ) is parabolic.
Definition 1.6: This form is called Bogomolov-Beauville-Fujiki form.
It is defined by this relation uniquely, up to a sign. The sign is determined from the following formula (Bogomolov, Beauville; [Bea] , [Hu1] , 23.5) λq(η, η) = (n/2)
where Ω is the holomorphic symplectic form, and λ a positive constant.
Remark 1.7: The form q has signature (b 2 − 3, 3). It is negative definite on primitive forms, and positive definite on the space Ω, Ω, ω where ω is a Kähler form, as seen from the following formula
, µ > 0 (1.1) (see e. g. [V4] , Theorem 6.1, or [Hu1] , Corollary 23.9). The present paper is a study of algebro-geometric properties of parabolic bundles and cohomology classes, in hope to find criteria for effectivity.
The hyperkähler SYZ conjecture
Theorem 1.9: (D. Matsushita, see [Ma1] ). Let π : M −→ X be a surjective holomorphic map from a hyperkähler manifold M to X, with 0 < dim X < dim M . Then dim X = 1/2 dim M , and the fibers of π are holomorphic Lagrangian (this means that the symplectic form vanishes on the fibers). 1 Definition 1.10: Such a map is called a holomorphic Lagrangian fibration.
Remark 1.11: The base of π is conjectured to be rational. J.-M. Hwang ( [Hw] ) proved that X ∼ = CP n , if it is smooth. D. Matsushita ([Ma2] ) proved that it has the same rational cohomology as CP n . Remark 1.12: The base of π has a natural flat connection on the smooth locus of π. The combinatorics of this connection can be used to determine the topology of M ( [KZ] , [G] ), Remark 1.13: Matsushita's theorem is implied by the following formula of Fujiki. Let M be a hyperkähler manifold, dim C M = 2n, and η 1 , ..., η 2n ∈ H 2 (M ) cohomology classes. Then η 1 ∧ η 2 ∧ ... = 1 2n! σ q(η σ 1 η σ 2 )q(η σ 3 η σ 3 )q(η σ 2n−1 η σ 2n ) (1.2) with the sum taken over all permutations. An algebraic argument (see e.g. Corollary 2.15) allows to deduce from this formula that for any non-zero η ∈ H 2 (M ), one would have η n = 0, and η n+1 = 0, if q(η, η) = 0, and η 2n = 0 otherwise. Applying this to the pullback π * ω X of the Kähler class from X, we immediately obtain that dim C X = n or dim C X = 2n. Indeed, ω dim C X X = 0 and ω
Definition 1.14: Let (M, ω) be a Calabi-Yau manifold, Ω the holomorphic volume form, and Z ⊂ M a real analytic subvariety, Lagrangian with respect to ω. If Ω Z is proportional to the Riemannian volume form, Z is called special Lagrangian (SpLag).
The special Lagrangian varieties were defined in [HL] by Harvey and Lawson, who proved that they minimize the Riemannian volume in their cohomology class. This implies, in particular, that their moduli are finitedimensional. In [McL] , McLean studied deformations of non-singular special Lagrangian subvarieties and showed that they are unobstructed.
In [SYZ] , Strominger-Yau-Zaslow tried to explain the mirror symmetry phenomenon using the special Lagrangian fibrations. They conjectured that any Calabi-Yau manifold admits a Lagrangian fibration with special Lagrangian fibers. Taking its dual fibration, one obtains "the mirror dual" Calabi-Yau manifold. Remark 1.15: It is easy to see that a holomorphic Lagrangian subvariety of a hyperkähler manifold (M, I) is special Lagrangian on (M, J), where (I, J, K) is a quaternionic structure associated with the hyperkähler structure on M (Subsection 2.2). Therefore, existence of holomorphic Lagrangian fibrations implies existence of special Lagrangian fibrations postulated by Strominger-Yau-Zaslow. Definition 1.16: A line bundle is called semiample if L N is generated by its holomorphic sections, which have no common zeros. Remark 1.17: From semiampleness it obviously follows that L is nef. Indeed, let π : M −→ PH 0 (L N ) * the the standard map. Since sections of L have no common zeros, π is holomorphic. Then L ∼ = π * O(1), and the curvature of L is a pullback of the Kähler form on CP n . However, the converse is false: a nef bundle is not necessarily semiample (see e.g. [DPS1, Example 1.7] ). Remark 1.18: Let π : M −→ X be a holomorphic Lagrangian fibration, and ω X a Kähler class on X. Then η := π * ω X is semiample and parabolic. The converse is also true, by Matsushita's theorem: if L is semiample and parabolic, L induces a Lagrangian fibration. This is the only known source of non-trivial special Lagrangian fibrations. Remark 1.20: This conjecture was stated by many people (Tyurin, Bogomolov, Hassett-Tschinkel, Huybrechts, Sawon); please see [Saw] for an interesting and historically important discussion, and [V5] for details and reference.
Remark 1.21: The SYZ conjecture can be seen as a hyperkaehler version of "abundance conjecture" (see e.g. [DPS2] , 2.7.2).
Lelong numbers and hyperkähler geometry
In [V5] , it was shown that any parabolic line bundle L with a smooth metric of semipositive curvature is Q-effective (this means that c 1 (L) is represented by a rational divisor). Further results in this direction require detailed study of singularities of positive currents on hyperkähler manifolds. The present paper is an attempt to understand these singularities.
Let [η] be a nef cohomology class. Using weak compactness of positive currents, it is possible to show that [η] is represented by a positive, closed (1, 1)-current η (Claim 3.2). Locally, η can be considered as a curvature of a singular metric on a line bundle.
Using a local dd c -lemma, we may assume that η = dd c ϕ, for some function ϕ, which is plurisubharmonic, because η is positive. Then η is a curvature of a trivial bundle with a singular metric h −→ e −2ϕ |h| 2 .
A multiplier ideal sheaf I(η) of a current η is an ideal of all holomorphic functions h on M for which e −2ϕ |h| 2 is locally integrable. Nadel has shown that a multiplier ideal sheaf of a positive current is always coherent.
The notion of a multiplier ideal has many applications in algebraic geometry, due to the Nadel's vanishing theorem. Theorem 1.22: (Nadel's Vanishing Theorem; see [N] , [D2] ). Let (M, ω) be a Kähler manifold, η a closed, positive (1,1)-current, η > εω, and L a holomorphic line bundle with c 1 (L) = [η] . Consider a singular metric on L associated with η, and let I(L) be the sheaf of L 2 -integrable sections. Then
The Lelong number ν x (Θ) of a (p, p)-current Θ at x ∈ M , as defined in [D5] , is a mass of a measure Θ∧µ n−p x carried at x, where µ x = dd c (log dist 2 x ), and dist 2 x is a square of a distance from x. The current µ x can be approximated by smooth, closed, positive currents using a regularized maximum function (see Subsection 3.2), and this allows one to define the product Θ ∧ µ n−p x as a limit of closed, positive currents with bounded mass, well defined because of a weak compactness principle.
For a positive number c > 0, the Lelong set F c of a (1,1)-current η is a set of all points x ∈ M with ν x (η) c. By Siu's theorem ( [Si] ), a Lelong set of a positive, closed current is complex analytic.
The following theorem was proven in [V5] , using an advanced version of Nadel's vanishing, due to [DPS2] . In the present paper, we show that all Lelong sets of a parabolic nef current on a hyperkähler manifold are coisotropic with respect to its holomorphic symplectic form (Corollary 3.15).
Comparing Corollary 3.15 and Theorem 1.23, we obtain the following. Let L be a parabolic nef bundle on a hyperkähler manifold M . Then either L is Q-effective, or M has non-trivial coisotropic subvarieties. A similar result was proven in by Campana-Oguiso-Peternell, who have shown that such a manifold always contains a subvariety of dimension 2 ([COP, Theorem 6.2]).
For a generic hyperkähler manifold, all complex subvarieties are holomorphically symplectic ([V1] , [V2] ). Therefore, such a manifold does not have any coisotropic subvarieties (Remark 2.13). This implies that all Lelong numbers of a parabolic nef current on a generic hyperkähler manifold vanish (Corollary 3.14).
2 Hyperkähler geometry: preliminary results
The structure of a Kähler cone
Definition 2.1: A class η ∈ H 1,1 (M ) is called pseudoeffective if it can be represented by a positive current, and nef if it lies in a closure of a Kähler cone.
The following useful theorem, due to S. Boucksom, is known as the divisorial Zariski decomposition theorem. Theorem 2.2: ( [Bou] ) Let M be a hyperkähler manifold. Then every pseudoeffective class can be decomposed as a sum
where ν is nef, a i positive numbers, and E i exceptional divisors satisfying
Remark 2.3: Let M 1 , M 2 be holomorphic symplectic manifolds, bimeromorphically equivalent. Then H 2 (M 1 ) is naturally isomorphic to H 2 (M 2 ), and this isomorphism is compatible with Bogomolov-Beauville-Fujiki form. Indeed, the manifolds M i have trivial canonical bundle, hence a bimeromorphic equivalence is non-singular in codimension 1.
Definition 2.4:
A modified nef cone (also "birational nef cone" and "movable nef cone") is a closure of a union of all nef cones for all bimeromorphic models of a holomorphically symplectic manifold M . Theorem 2.5: ( [Bou] , [Hu2] ). On a hyperkähler manifold, the modified nef cone is dual to the pseudoeffective cone under the Bogomolov-BeauvilleFujiki pairing.
Corollary 2.6: Let M be a simple hyperkähler manifold such that all integer (1, 1)-classes satisfy q(ν, ν) 0. Then its Kähler cone is one of two components K + of a set K := {ν ∈ H 1,1 (M, R) | q(ν, ν) > 0}.
Proof: The pseudoeffective cone K ps of M is equal to the nef cone K n by the divisorial Zariski decomposition. A square of a Kähler form is positive, hence K n = K ps is contained in one of components of K, denoted by K + . This gives inclusions
Since K + is self-dual, dualising (2.1) gives
However, all elements of K mn satisfy q(η, η) 0, hence
all these cones are equal.
Remark 2.7: From the Hodge index theorem, it follows immediately that the condition ∀η ∈ Pic(M ) q(η, η) 0 implies that Pic(M ) has rank 1.
Remark 2.8: From Corollary 2.6 it follows that on a hyperkähler manifold with Pic(M ) = Z, for any rational class η ∈ H 1,1 (M ) with q(η, η) 0 either η or −η is nef.
Subvarieties in generic hyperkähler manifolds
This is a brief introduction to the theory of subvarieties in generic hyperkähler manifolds. For more details and missing reference, please see [V2] and [V3] . Recall now that any Kähler manifold with trivial canonical class admits a unique Ricci-flat Kähler metric in a given Kähler class ( [Y] ). Using Bochner's vanishing, it is possible to show that any holomorphic form on a compact Ricci-flat manifold is parallel with respect to the Levi-Civita connection.
If the manifold M is holomorphically symplectic, a Ricci-flat metric together with the holomorphic symplectic form can be used to construct a triple of complex structures (I, J, K) satisfying quaternionic relations I •J = −J • I = K, and parallel with respect to the Levi-Civita connection. In differential geometry and physics, hyperkähler manifolds are usually defined in terms of this quaternionic structure ( [Bes] ).
Consider an operator L = aI + bJ + cK, with a, b, c ∈ R satisfying a 2 + b 2 + c 2 = 1. Since I, J, K are parallel with respect to the Levi-Civita connection, L is also parallel. Using the quaternionic relations, we obtain L 2 = −1. Since L is parallel, it is an integrable complex structure. Such a complex structure is called induced by the quaternionic action. The set of induced complex structures is parametrized by the 2-dimensional sphere S 2 . It is easy to check that this gives a holomorphic family of complex structures on M over CP 1 . The total space of this family is called the twistor space of M . Denote the base of the twistor family by C, C ∼ = CP 1 .
The group SU (2) of unitary quaternions acts on T M . We extend this action to the bundle Λ * M of differential forms by multiplicativity. This action is parallel, hence it commutes with the Laplacian. This gives a natural SU (2)-action on H * (M ), analogous to the Hodge decomposition in Kähler geometry. Given a class v ∈ H 2p (M ) which is not SU (2)-invariant, let S v ⊂ C be the set of all induced complex structures L ∈ C for which v ∈ H p,p (M ). For an SU (2)-class, we set S v = ∅. Since the Hodge decomposition on (M, L) is induced by the SU (2)-action, S v can be expressed through the action of SU (2). Then it is easy to check that S v is finite, for all v.
The union R := v∈H * (M,Z) S v is countable. Clearly, for any induced complex structure L / ∈ R,
As shown in [V1] , a closed complex subvariety X ⊂ M with fundamental class [X] ∈ H 2p (M ) SU (2)-invariant is necessarily holomorphically symplectic outside of its singularities.
Theorem 2.10: ([V1]) Let (M, I, J, K) be a hyperkähler manifold equipped with a quaternionic structure, and L a generic induced complex structure. Then all complex subvarietis X ⊂ (M, L) are holomorphically symplectic outside of singularities.
Remark 2.11: In [V3] it was also shown that a normalization of X is smooth and holomorphically symplectic. Definition 2.12: A hyperkähler manifold (M, I) is generic if I is generic for some quaternionic structure constructed as above.
Remark 2.13: Let M be a generic hyperkähler manifold. Then all complex subvarieties of M are holomorphically symplectic, by Theorem 2.10. In particular, M has no divisors.
Cohomology of hyperkähler manifolds
In the sequel, some basic results about cohomology of hyperkähler manifolds will be used. The following theorem was proving in [V4] , using representation theory.
Theorem 2.14: ([V4]) Let M be a simple hyperkähler manifold, and H * r (M ) the part of cohomology generated by H 2 (M ). Then H * r (M ) is isomorphic to the symmetric algebra (up to the middle degree). Moreover, the Poincare pairing on H * r (M ) is non-degenerate.
This brings the following corollary.
Corollary 2.15: Let η 1 , ...η n+1 ∈ H 2 (M ) be cohomology classes on a simple hyperkähler manifold, dim C M = 2n. Suppose that q(η i , η j ) = 0 for all i, j.
for any cohomology classes ρ 1 , ..., ρ n−1 ∈ H 2 (M ). Therefore, for any v ∈ H 2n−2 r (M ), H ∧ v = 0. Since the Poincare form is non-degenerate on H 2n−2 r (M ) (Theorem 2.14), this implies that H = 0. Recall that a real (p, p)-form η on a complex manifold is called weakly positive if for any complex subspace V ⊂ T M , dim C V = p, the restriction ρ V is a non-negative volume form. Equivalently, this means that
x M . A form is called strongly positive if it can be expressed as a sum
running over some set of p-tuples ξ i 1 , ξ i 2 , ..., ξ ip ∈ Λ 1,0 (M ), with α i 1 ,...,ip real and non-negative functions on M . The strongly positive and the weakly positive forms form closed, convex cones in the space Λ p,p (M, R) of real (p, p)-forms. These two cones are dual with respect to the Poincare pairing
For (1,1)-forms and (n − 1, n − 1)-forms, the strong positivity is equivalent to weak positivity.
Remark 3.1: A strongly positive form is a linear combination of products
where α is a smooth, positive function, and z 1 , ..., z n ∈ Λ 1,0 (M ) is a basis in (0, 1) forms. In the sequel, we shall abbreviate such a form as α(z ∧ z) I , where I = (i 1 , ..., i k ) is a multiindex.
A current is a form taking values in distributions. The space of (p, q)-currents on M is denoted by D p,q (M ). A strongly positive current 1 is a linear combination
In the present paper, we shall often omit "strongly", because we are only interested in strong positivity.
where α I are positive, measurable functions, and the sum is taken over all multi-indices I. An integration current of a closed complex subvariety is a strongly positive current.
Notice that "strongly positive" should not be confused with "strictly positive" (the latter means that a class belongs to the inner part of a positive cone). For instance, 0 is a strongly positive current.
Positivity of a current ν is often expressed as ν 0. If ν 1 − ν 2 is positive, one often writes ν 1 ν 2 .
It is easy to define the de Rham differential on currents, and check that its cohomology coinside with the de Rham cohomology of a manifold.
A mass of a positive (p, p)-current ρ on a compact n-dimensional Kähler manifold (M, ω) is a number M ρ ∧ ω n−p . This number is non-negative, and never vanishes, unless ρ = 0.
Claim 3.2: ("weak compactness of positive currents") Let {η i } be a sequence of positive (p, p)-currents with bounded mass. Then {η i } has a subsequence converging to a positive current, in weak topology.
The de Rham differential is by definition continuous in the topology of currents, and the projection from closed currents to the de Rham cohomology also continuous. Then, weak compactness implies the following useful result.
Corollary 3.3: Let η i ∈ H p,p (M ) be a sequence of cohomology classes represented by closed, positive currents, and η its limit. Then η also can be represented by a closed, positive current.
Definition 3.4:
A nef current is a positive, closed current, obtained as a weak limit of strongly positive, closed forms.
Definition 3.5: Let η, η ′ be nef currents. Choose sequences {η i }, {η ′ i } of closed, strongly positive forms converging to η, η ′ . Then {η i ∧ η ′ i } is a bounded sequence of closed, strongly positive forms. From weak compactness it follows that {η i ∧ η ′ i } has a limit. We define a product η ∧ η ′ of nef currents as a form which can be obtained as a limit of {η i ∧ η ′ i }, for some choice of sequences {η i }, {η ′ i }. The limit {η i ∧ η ′ i } is non-unique (see the example below). However, it is a closed, positive current, which represents the product of the corresponding cohomology classes. 
Let now H, H ′ be two distinct hyperplanes, and η i (H), η i (H ′ ) the sequences of positive, closed forms approximating H, H ′ as above. Then (3.1) implies that
Choosing a sequence i k , j k in such a way that lim k→∞ ε i k C j k = 0, and applying (3.2), we obtain that the sequence
, where p = H ∩ H ′ is a point where H and H ′ intersect. Given a sequence H l of planes converging to H, with H l ∩ H = p, and applying the same argument, we obtain a sequence
, for appropriate choice of an approximating sequence, clearly converges to H. This gives a sequence of closed, positive forms η i , η ′ i converging to [H] , and the product η i ∧ η ′ i converges to the current of integration [p], associated with an arbitrary point p ∈ H.
Regularization for nef currents
In [D1] , the notion of a regularized maximum of two functions was defined. Choose ε > 0, and let max ε : R 2 −→ R be a smooth, convex function which is monotonous in both arguments and satisfies max ε (x, y) = max(x, y) whenever |x − y| > ε. Then max ε is called a regularized maximum. It is easy to show ( [D1] ) that a regularized maximum of two strictly plurisubharmonic functions is again strictly plurisubharmonic. Moreover, for any smooth form A and L 1 -functions x, y which satisfy A + dd c x 0 and A + dd c y 0, one would have A + dd c max ε (x, y) 0.
Recall that an almost plurisubharmonic function is a generalized function f which satisfies dd c f + A 0 for some smooth (1,1)-form A. Clearly, almost plurisubharmonic functions are locally integrable. The Demailly's Regularization Theorem ([D3] , Theorem 1.1, [D5] , 21.3) implies that any positive, closed (1,1)-current T on a Kähler manifold (M, ω) can be weakly approximated by a sequence T k of closed, real (1, 1)-currents in the same cohomology class satisfying the following assumptions (i) T k + δ k ω 0, where {δ k } is a sequence of real numbers converging to 0.
(ii) T k are smooth outside of a complex analytic subset Z k ⊂ M , with
where ψ k is a non-increasing sequence of almost plurisubharmonic functions converging to an almost plurisubharmonic ψ, which satisfies dd c ψ + T 0 = T .
(iv) Locally around Z k , the functions ψ k have logarithmic poles, namely
where g k,l are holomorphic functions vanishing on Z k , and τ k is smooth.
(v) The Lelong numbers ν(T k , x) of T k are non-decreasing in k for any x ∈ M and converge to ν(T, x).
Claim 3.7: Let T = η be a nef (1, 1)-current. Then the corresponding approximation currents T k + δ k ω of the Demailly's regularization procedure can be also chosen nef.
Proof: Let T 0 be a smooth, closed form cohomologous to η. Then η = T 0 + dd c ψ, where ψ = lim ↓ ψ k . Let ν i be a sequence of smooth functions such that the form T 0 + dd c ν i + ε i ω is positive, closed, and weakly converges to η = T 0 +dd c ψ, for ε i a sequence of real numbers converging to 0. Such {ν i } exists, because η is nef. 
Adding constant terms if necessary, we may assume that lim ν i = ψ. Fix k ∈ Z >0 . The function µ i (k) := max ε (ν i , ψ k ) is smooth, because ψ k is smooth outside of its poles. The limit lim i→∞ µ i (k) is equals to max ε (ψ, ψ k ) = ψ k (the last equation holds because ψ ψ k ). Therefore, µ i (k) converges to ψ k . On the other hand, T 0 + dd c ν i + ε i ω is positive, and T 0 + dd c ψ k + δ k ω is positive by approximation property. From the properties of a regularized maximum it follows that T 0 + (δ k + ε k )ω + dd c µ i (k) is also positive. We proved that the current
Cohomology classes dominated by a nef current
Definition 3.8: Let M be a compact Kähler manifold, η a nef current, obtained as a limit of positive, closed forms η i , and η p a limit of η p i , which exists by weak compactness. A current ν is called dominated by η if Cη p + ν and Cη p − ν are strongly positive, for a sufficiently big C > 0.
For an example of a current dominated by a nef current η, we look at the Lelong sets of η. From Demailly's regularization and the Siu's decomposition theorem ( [Si] , [D5] ), the following result can be easily deduced. Proof: By Siu's theorem ( [Si] , [D5, 2.10] ), it follows immediately that the Lelong sets of η p have dimension p. By Siu's decomposition formula ([D5, 2.18] ), η p can be written as
where R is a positive, closed current, Z i are all p-dimensional components of the Lelong set of Θ, and c i = ν x (Θ) for a generic point x ∈ Z i . Therefore, to prove Theorem 3.9, it suffices to show that
at a generic point of Z, where Z is an irreducible p-dimensional component of the Lelong set of η.
Using the regularization theorem, Claim 3.7 and semicontinuity of Lelong numbers, we find that it suffices to prove inequality (3.3) for the nef currents with logarithmic singularities approximating η. Therefore, we may assume that the singularities of η are logarithmic. Since the equality (3.3) is local, we can also assume that η = dd c ϕ, for some plurisubharmonic function ϕ with logarithmic singularities.
Locally around a generic point of Z, we have F c (η) = Z. Therefore η must have a logarithmic pole of order c at Z. Splitting the poles onto a part corresponding to Z and the rest, we can write η as η = dd c ϕ, where ϕ = u + v + A, u = c log |g i | 2 , v = c ′ log |f i | 2 , with {f i } a finite set of holomorphic functions, g i generators of the ideal of Z, c ′ < c, and A smooth. Consider a sequence ν i of smooth plurisubharmonic functions converging to ϕ (such a sequence exists, because η is nef). Then µ i := u+max ε (v, ν i −C i )+ A converges to ϕ, for an appropriate choice of a sequence C i ≫ 0. Moreover, the limit lim(dd c µ i ) p is by construction equal to lim(dd c ν i ) p , hence we may assume that lim(dd
by semicontinuity. We proved (3.3).
3.4 η-coisotropic subvarieties and cohomology classes Remark 3.12: This is equivalent to Ω having rank n − p on T Z in the smooth points of Z, which is the minimal possible rank for a 2n − pdimensional subspace in a 2n-dimensional symplectic space. Let Ω be a holomorphic symplectic form on M . It is easy to check that Ω i ∧ Ω i is weakly positive. A product of a strongly positive current and a weakly positive form is weakly positive, hence the product η p ∧ Ω n−p+1 ∧ Ω n−p+1 is positive. However, this product is cohomologous to 0, as follows from Corollary 2.15, and therefore
Using the same argument as above, we obtain 0 = η p ∧ Ω n−p+1 ∧ Ω n−p+1
[Z] ∧ Ω n−p+1 ∧ Ω n−p+1 , (3.5)
hence Ω n−p+1 ∧ Ω n−p+1 vanishes on Z. Using Remark 3.12, we obtain that this is equivalent to Z being coisotropic. We proved Proposition 3.13 (ii).
As follows from Remark 2.13, on a generic hyperkähler manifold M , all complex subvarieties are holomorphically symplectic. Then M does not have non-trivial coisotropic subvarieties. This gives Corollary 3.14: Let M be a generic hyperkähler manifold, and [η] ∈ H 1,1 (M ) a parabolic nef class, represented by a positive current η. Then all Lelong numbers of η vanish.
Comparing Proposition 3.13, Theorem 3.9, and Theorem 1.23, we obtain the following.
Corollary 3.15: Let L be a parabolic line bundle on a hyperkähler manifold, equipped with a singular metric with positive curvature current η, which is nef, and Z a component of its Lelong set. Then Z is η-coisotropic. In particular, dim Z 1 2 dim M , and Z is coisotropic with respect to the standard holomorphic symplectic structure on M . Moreover, either c 1 (L) is represented by a rational divisor, or the Lelong sets of L are non-empty.
Comparing this with Remark 2.8, we obtain Corollary 3.16: Let M be a hyperkähler manifold with Pic(M ) = Z, and L a line bundle generating Pic(M ). Assume that q(L, L) = 0. Then c 1 (M ) can be represented by a divisor, or M has non-trivial coisotropic subvarieties.
Remark 3.17: Since all divisors are coisotropic, the first alternative in the Corollary above in fact implies the second one.
